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Polarity of points for Gaussian random fields 

Robert C. Dalan^, Carl Muelleii] and Yimin Xiac|f| 


Abstract. We show that for a wide class of Gaussian random fields, points are polar in the critical 
dimension. Examples of such random fields include solutions of systems of linear stochastic partial 
differential equations with deterministic coefficients, such as the stochastic heat equation or wave 
equation with space-time white noise, or colored noise in spatial dimensions fe > 1. Our approach 
builds on a delicate covering argument developed by M. Talagrand (1995, 1998) for the study 
of fractional Brownian motion, and uses a harmonizable representation of the solutions of these 
stochastic pde’s. 
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1 Introduction 

Hitting probabilities are one of the most studied features of stochastic processes. Given a 
process X = (X*) with values in and a subset A of we say that X hits A if 

P{Xt G A for some t} > 0. 

The set A is polar for X if P{Xt G A for some t} = 0. When X is a Markov process, 
potential theory gives a necessary and sufficient condition for a set to be polar: see |3] for 
an extensive discussion. One hrst constructs a potential theory associated to X, after which 
it follows that X hits A with positive probability if and only if cap(H) > 0, where cap(H) is 
the capacity of A with respect to the potential theory associated to X. 

For processes other than Markov processes, and even for Gaussian random fields, results 
on hitting probabilities are much less complete. One exception is the Brownian sheet, which 
has specific properties such as independence of increments. Using these properties, Khosh- 
nevisan and Shi [20] have given essentially complete answers about hitting probabilities for 
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the sheet, and the recent work of Dalang, Khoshnevisan, Nualart, Wu, and Xiao [TT] and 
Dalang and Mueller [12] has even settled the issue of multiple points of the Brownian sheet 
in critical dimensions. 

Other interesting Gaussian random helds are for instance those obtained as solutions of 
linear systems of stochastic partial differential equations (spde’s). Mueller and Tribe [2l] 
considered systems of d stochastic heat equations 

du, , d'^u, , _ 

+ ( 1 - 1 ) 

where t > 0, x G M, hh = a;) is an valued two-parameter white noise, and the func¬ 

tion m( 0, •) takes values in and is suitably specified. This system of spde’s is interpreted 
in integral form in the framework of Walsh [3^. They show (among other things) that points 
are polar if and only if d > 6, so that the critical dimension for hitting points is d = 6 for 
the random field u and points are polar in this critical dimension. It turns out that the 
method of [2l] is quite specihc and cannot be extended, for instance, even to the case where 
the system has deterministic but non-constant coefficients. 

Another case in which the issue of polarity in the critical dimension has been resolved 
concerns systems of reduced stochastic wave equations (in one spatial dimension) studied 
by Dalang and Nualart in [TB]. In this case, the critical dimension is d = 4 and points are 
polar in this dimension (for linear and nonlinear systems of such equations). This situation 
is again special, because the natural hltration of the process has the commutation property 
F4 of Cairoli and Walsh |1], which makes it possible to use Cairoli’s maximal inequality for 
multiparameter martingales [IHl Chapter 7.2]. 

For linear and nonlinear systems of stochastic heat and wave equations, there has been 
much progress in recent years for all dimensions except the critical dimension. A typical 
result is given in [HI E] . In these papers, the authors establish upper and lower bounds on 
hitting probabilities of the following type: 

c“^Cap^_g_^(A) < P{u{t^x) G A for some (t,x) G [1,2]^} < cHd-6-vi^)^ 

where Cap denotes Bessel-Riesz capacity, H denotes Hausdorff measure, and rj > 0. This 
type of upper and lower bound is also available for systems of heat and wave equations in 
spatial dimensions k > 1 (see [IQ]), for linear systems of stochastic wave equations in spatial 
dimensions k > 1 (see [H]), and for nonlinear systems of stochastic wave equations in spatial 
dimensions k G {1, 2, 3} (see [I5]). For a wide class of so-called anisotropic Gaussian random 
fields V = (x(x), x G M^), Bierme, Lacaux and Xiao [2] identihed the critical dimension and 
obtained the following result. Let be the Holder exponent of the random held when the 

i-th. coordinate varies and the others are hxed, and set Q = + • • • -l- Under certain 

assumptions, they established the following upper and lower bounds on hitting probabilities: 
Fix M >0 and a compact set / C Then there is 0 < C < cxo such that for every compact 

set A C H(0, M) (the open ball in centered at 0 with radius M), 

C~^ Caprf_Q(A) < P{3x G I : v{x) G A} < CUd-qiA). 

This result provides lots of information about hitting probabilities when d ^ Q (see also 
H)- However, in the case critical where d = Q and A = {zq} is a single point, these two 
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inequalities essentially reduce to 0 < P{3x G I : v{x) = 2 : 0 } < 1, which is uninformative! 
Some other references on hitting probabilities for linear systems of spde’s include [6l |2^l3T] . 

In order to prove that a set is polar, one typically estimates the probability that the 
random held visits a small ball, and then one uses a covering argument. When the dimension 
is strictly larger than the critical dimension, rather simple coverings do the job (typically, the 
covering is obtained via a deterministic partition of the parameter space). For instance, it is 
rather straightforward to establish that points are polar for standard Brownian in dimensions 
d> 3, but the critical dimension d = 2 is more difficult to handle (see [19], for instance). 

In order to address the issues of exact Hausdorff measure functions and existence of 
multiple points for a non-Markovian random held such as fractional Brownian motion, Ta- 
lagrand introduced a new kind of covering argument in the two important papers [271128] . 
His idea was to consider balls of diherent (random) sizes that cover a given point in the 
parameter space. Having noticed that at a typical point, the local (Holder-type) regularity 
is better, with high probability, than what one would expect, he chooses “good balls” that 
give a sharp cover of the range of the process, allowing the method to succeed even in the 
critical dimension. His argument relies on properties of Gaussian processes as well as on 
certain specihc properties of fractional Brownian motion. However, it seems that one of his 
goals was to develop a method that would extend to other situations, since he states, as one 
reason for studying fractional Brownian motion, that (ordinary) “Brownian motion suffers 
from an over abundance of special properties; and that moving away from these forces to 
hnd proofs that rely on general principles, and arguably lie at a more fundamental level.” 

This paper shows that Talagrand’s intuition was correct. Indeed, we have isolated suffi¬ 
cient conditions on an anisotropic Gaussian random held v = {v{x), x E as considered 
in [2] [33] , under which it is possible to extend Talagrand’s argument and establish polarity 
of points in the critical dimension: see Assumptions 12.11 and 12.41 These assumptions are sat- 
ished by many multiparameter Gaussian random helds, for which the Holder exponents in 
each parameter may be different. The random helds that we consider are typically nowhere- 
diherentiable (see, e.g. Theorem 3.1 in [32] and Theorem 8.1 in [33]), and this assumption 
states the existence of particular approximations that are Lipschitz continuous but whose 
Lipschitz constants have a certain asymptotic growth rate. The main assumption 12.11 is dis¬ 
cussed in more detail at the beginning of Section [2J This assumption also leads to an upper 
bound on the canonical metric associated with the Gaussian random held (see Proposition 

o. 

The hrst technical ehort is to establish Proposition l2.31 which extends an analogous result 
of Talagrand [22] Proposition 3.4] and makes precise the idea that for any x G with high 
probability, there is a (random) neighborhood of x in which the increments v{y) — v(x) are 
smaller than expected. With this result in hand, and under the assumption that the process 
has covariances that have better Holder regularity than its sample paths (see Assumption 
12.4p . which is the case in the examples that we are interested in, we extend the method of 
Talagrand [28] and establish polarity of points in the critical dimension Q (see Theorem I2.6p . 
These results are proved in Sections [3H2i 

The next step is to show that the two main assumptions are satished in a wide class of 
important examples. We begin with the case of linear systems of stochastic heat equations. 
In Section (6] we consider hrst the case of constant coefficients, in spatial dimension 1, with 
space-time white noise as in fll.ip . and recover the result of Mueller and Tribe [2l]: points are 
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polar for this process in dimension d = 6. However, essentially the same calculations apply 
to the case of higher spatial dimensions, with spatially homogeneous noise with covariance 
given by a Riesz kernel with exponent /9 G ]0, 2[, so we also obtain polarity of points in the 
critical dimension d = (4 + 2k)/{2 — (3) for this case (when this fraction is an integer). The 
verihcation of Assumption 12 .1 1 relies on a harmonizable representation of the solution u{t,x) 
of the stochastic heat equation: see f|6.3p : this representation is analogous to the spectral 
representation of stationary processes (see [161 113 [29]). It also appears in [1] and is of 
independent interest. 

As we mentioned above, the method of Mueller and Tribe was not robust enough to extend 
to systems of heat equations with deterministic but non-constant coefficients. We examine 
this situation in Section [71 and we obtain, under the assumption that these coefficients have 
some smoothness properties (expressed in terms of their Fourier transform: see Assumption 
[7T]). polarity of points in the critical dimension. This applies in particular to the case of 
spatial dimension 1 with space-time white noise, and the critical dimension remains d = 6. 

In Section |H1 we turn to linear systems of stochastic wave equations with constant coef¬ 
ficients. Here, we consider both the cases of spatial dimension k = 1 with space-time white 
noise, and higher spatial dimensions with spatially homogeneous noise with covariance given 
by a Riesz kernel with exponent (3 G ]0, 2[. The stochastic wave equation presents additional 
difficulties because the fundamental solution is irregular (it is not even a function when 
k > 3). This means that Walsh formalism does not apply directly and we use the extension 
of this theory developed by Dalang [7]. For the spatial dimension k = 1 with space-time 
white noise, we show that points are polar in the critical dimension d = 4, and in higher spa¬ 
tial dimensions, under the assumption /3 G [1,2[, we obtain polarity of points in the critical 
dimension d = 2{k + l)/{2 — [3) (when this fraction is an integer). 

The method developed by Talagrand and the extensions presented in this paper can also 
be applied to the issue of multiple points of Gaussian random fields in critical dimensions, 
and can also be used to study the same type questions for nonlinear systems of spde’s. These 
topics are the subject of research in progress and we expect to present them in future papers. 

2 Main assumptions and results 

Recall that a white noise based on a measure u is a set function A W (A) defined on H(M^) 
with values in L^(G, iF, P) such that for each A, W (A) is a centered normal random variable 
with variance i^(A), and when A A B = %, then W{A\J B) = W{A) -|- W{B) and W(A) 
and W{B) are independent. If W{A) is a centered normal random vector with values in 
instead of M and covariance matrix i^(A) ■ (where Id denotes the d x d identity matrix), 
then we say that A W (A) is an W^-valued white noise. 

In order to motivate Assumption 12.11 below, recall that a stationary Gaussian process 
{v(t), t G M) admits a spectral representation of the form v(t) = J^f(t — s)dWs, where 
f is a function and {Wg) is a Brownian motion. For fixed t G M, we can define a white 
noise by setting v{A,t) = J^fi^ ~ s) dWg. In many cases, when /(s) is smooth and has 
appropriate decay as s —)■ ±cxo, it happens that if |t — s| ~ 2“"'/", for some a > 0, then 
v{t) — v{s) is well-approximated by n([2”, 2”+^[, t) — n([2”, 2”'+^[, s). Even though we will 
not be dealing with stationary processes, but with non-stationary random fields, it is often 
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possible to construct a process that plays the same role as v{A, t). This is the motivation for 
Assumption 12.11 below, and this assumption will be verihed for the solutions to the spde’s 
that we will consider in Sections [6HH1 as we explain just below. 

Let V = {v{x), X E M.^) be a centered continuous RAvalued Gaussian random held with 
i.i.d. components. We write v{x) = {vi{x),... ,Vd{x)). 

Assumption 2.1. Let I C be a closed box: I = 11^=1 where Cj < dj. Let 

denote an e-enlargement of I, in Euclidean norm. There is a Gaussian random field 
{v{A,x), A G X G M^) and £o > 0 such that: 

(a) for all x G A i—)■ v{A,x) is an M^^-valued white noise, n(R+,a;) = v{x), and when 
A and B are disjoint, v{A, •) and v{B, •) are independent; 

(b) there are constants cq G R+, oq G R+ and jj > 0, j = 1,, k, such that for all 
oo < a < & < + 00 , x,y E 


\v{[a,b[,x) -v{x) -v{[a,b[,y) +v{y)\\L 2 < Cq 


\xj -yfi+b ^ 


-j=i 


( 2 . 1 ) 


and 


k 

n([ 0 ,ao],a;) - n([ 0 , Oq], |/)||l 2 < Cq ^ - yfi. 

i=i 


( 2 . 2 ) 


In order to see that the above assumption is satished by many solutions of spde’s, it is 
necessary in each case to construct the random held v{A, x). Let us consider for example the 
solution v{x) of the linear one-dimensional heat equation driven by space-time white noise. 
Then R^ will be replaced by R+ x R, and the generic variable x above becomes {t,x). We 
dehne 


v{A, t, x) = 




-.—irt 


.-te 


max(|T|3, |^|^)eA 


IT 


-W{dT,dO, 


Then we will see in Section [ 6 ] that Assumption 12.11 is satished (with the exponents 71 = 3, 
72 = 1, that is, Oi = 1/4 and 02 = 1/2), as is Assumption 12.41 below. 

Dehne aj G ]0,1[ by the relation 


■jj = a A — 1, that is, aj = {■jj -|- 1 ) 


and dehne a metric 


k 

A^i.x,y) = ^\xj - yfi^L 
i=i 


Consider also the canonical metric associated with v. 


d{x,y) = ||r;(a:) - v{y)\\L 2 . 

It turns out that under Assumption 12.11 the metric A provides an upper bound on the 
canonical metric. 
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Proposition 2.2. Under Assumption \2.1{ for allx,y E with A{x,y) < min(aQ 1), we 
have d{x,y) < 4:CoA{x,y). 

Proof. Fix x,y E Observe that for any a > oq, 


d{x,y) < ||n(x) - n([ao, a[, x) - v{y) + v{[ao, a[,y)\\L 2 
+ \\vi[ao,alx) - v{[ao,aly)\\L2 

and by Assnmption 12.Uf a). 

||n([ao,a[,x) - n([ao, a[, |/)||i 2 < ||n(a;) - n([a, cx)[, x) - v{y) + n([a, cx)[, |/)||i 2 

+ II -'y([0,ao[,a:) + n([0, ao[, |/)||l 2 . 


Applying Assnmption I2.ir b). we see that 

k 


d{x,y) < Co 


5:( 

.i=i 


o7 -1 


+ a“^' ^)\xj -yf+a ^ \xj - yf 

i=i 

-1 


(2.3) 


By hypothesis, maXj=i_,,,_fc |xj — yj \°‘2 < A{x,y) < Oq , so we choose a > Oq snch that 


max 


\xj — yf^^ = a Notice that 


o7 -1 




(ao \xj - + (« \xj - 2/jrO 


ki - 2/il“^' 


< 2 (a \xj - \xj - 2/ir^' 

— 2|a^j ~ Vjl ^ 

by the choice of a. Now (12.31) and (12.dp imply that 

k k 


(2.4) 


d{x,y) < Co 


2 Y1 - Vjl''' + - Vjl 

■ ’ ^ i=i 


- i=i 


For A{x,y) < 1, since 0 < Oj < 1, we conclnde that d{x,y) < 4coA(a;,j/). □ 

A hrst objective is to prove the following analogne for v of Proposition 3.4 of Talagrand 

0. 

Proposition 2.3. Let 


1 


0 = Eh. +1) = E V 


i=i 


_i 


(2.5) 


i=i 


Let Assumption \2.1\ hold. Then there are constants K < oo and p > 0 with the following 
property. Given 0 < ro < p, for all xo E I, we have 


P<^ 3r e [r^,ro]: snp \v{y) - v{xo)\ < K 


y:A{y,xo)<r 


(log log i) VP 


1 


1 ■ 

1 - 

2 

> > 1 —exp 

— 

log — 


J 


L ^oj 



• ( 2 . 6 ) 
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When d{y,xo) < 4coA(|/,xo) < 4cor, one expects that v{y) — v{xo) is of order r, so 
Proposition 12.31 states that with high probability, there is a A-ball of radius r in which the 
increments v{y) — v(xo) are smaller than expected. This proposition is proved in Section IH 
In order to obtain results on polarity of points, we need an additional assumption. 

Assumption 2.4. Let I C be a closed box and £q > Q be as in Assum^ption 12 . il 

faj There are constants c > 0 and c > 0 such that for all x,y ^ d{x,y) > cA{x,y) 
and ||n(a;)|| 2,2 > c. 

(b) There is p > t) with the following property. For x E I, there are x' E 5j G ]aj, 1], 
j = 1,..., /c, and C > 0 such that for all y,y E with A(x, y) < 2p and A(x, y) < 2p, 

k 

\E[{vi{y) - Vi{y))vi{x')] \ <C^\yj-yj\^T 

i=i 


Remark 2.5. (a) Part (a) in Assumption 2.f is the lower bound on the canonical metric 
which completes the upper bound in Proposition \2. A 

(b) Part (b) in Assumption fS.fl states that covariances are smoother than what one gets 
from the Cauchy-Schwarz ineguality, Holder continuity and Proposition \2.^ - 


\E[{vi{y) -Vi{y))vi{x')]\ < \\vi{y) - Vi{y)\\L2\\vi{x')\\L2 < \\vi{x' 




\yj-yj\ 


This will be the case in the examples that we will consider. 

The main results of this section is the following. 

Theorem 2.6. Let Assum,ptions \ 2. 1\ and \2.4\ hold for all sufficiently small boxes. Assume 
that Q = d. Then for any closed box J and for all z E 

P{3x E J : v{x) = z} = 0. 


This theorem is proved in Section [5l 


3 Preliminaries 

Following m Section 2], we hrst set up some estimates that are needed. 

Recall the number Q defined in fl2.5l) . Let / C M*' be a closed box such that Assumption 
[O is satisfied. For xq G /, the number of balls in metric d of radius e needed to cover the 
set 

Sr{xo) = {x E'Mf : A(x,Xo) < r} 

is < Nd{Sr,£) = cr^fe^ (indeed, x E Sr{xo) implies that \xj — xoj\ < rH , so the volume of 
Sr{xo) with respect to Lebesgue measure is < cr^, and by Proposition 12.21 the volume of a 
d-ball of radius e is > c£®). 


7 




















Lemma 3.1. Let D be the diameter (in metric d) of a subset S C There is a universal 
constant Kq such that, for all u > 0, we have 


P 


sup \v{x)-v{y)\> Kq (u+ [ A/log Nd{S, e) de\ \ < exp (- 

\ Jo J ) V 


u 


(Note. There is a misprint in IW7\ Lemma 2.1], where D should be D^.) 

Proof. This is a consequence of inequality (11.4) p.302 in [22], which holds for Gaussian 
processes with ^p(x) = — 1. □ 


Lemma 3.2. There is a constant K > 0 (depending on Cq in Assumption \ 2. 1\) such that for 
all u > 0, 

P I sup |n(a;) — v{y) | < m I > exp 
[.X,yel J 


KuQ / ■ 


Proof. We use the small ball estimate for Gaussian processes (see [ST] (7.13) p.257] or Lemma 
2.2 of [27]): 

V’(w) 


P sup |u(a;) — v{y)\ < m [> > exp 

.x,yel 


K 


where 'i({u) = u ^. Indeed, a ball of radius £ (in the canonical metric d) has volume > 
so the number of balls (in the canonical metric d) of radius e needed to cover J is < cie~'^. 
□ 

Lemma 3.3. Consider h>a>l,eQ>r>t) and set 


A = aG' ^rG + b 
i=i 


There are constants Aq, K and c (depending on cq in Assumption \ 2. 1\) such that if A < Aor 
and 

. / T \ 

(3.1) 


u > iLAlog^/^ , 


then 


P< sup |n(a:) - n(xo) - (n([a,6],a:) - t>([a,6],a:o))| > M > < exp . _ 

xeSr(xo) I V 


u 


Proof. Recall that Sr = Sr{xo) = {x G : A(x,Xo) < r}, and set 

d{x,y) = ||'i;(x) - v{y) - (x([a,6[,x) - ^([a, 6[, 2 /)||l 2 . 

Then 

d{x,y) < ||'i;(x) -v{y)\\L^ + \\v{[a,b[,x) - v{[a,b[,y)\\L 2 . 










Since 


v{x) - v{y) = (n([a, 6[, x) - n([a, 6[, y)) + (n(R+ \ [a, 6[, x) - v(R+ \ [a, 6[, y)), 
and the two terms on the right-hand side are independent by Assumption 12. iT ai . we see that 

\\v{[a,blx) -v{[a,bly)\\L 2 < ||'i;(a;) -v{y)\\L 2 . 

Finally, 

d{x,y) < 2\\v{x) -v{y)\\L 2 < 8coA{x,y) 

by Proposition 12.21 Therefore, for small e > 0, the number of e-balls (in metric d) needed 
to cover Sr{xo) is 


Nd{Sr{xo),e) < c 


gQ 


For X G Sr{xo), \xj — Xqj\ < , so by Assumption I2.1f b). d{x,Xo) < CqA, and therefore 

the diameter D of Sr{xQ) satisfies D < 2cqA. Assuming that we have chosen the constant Aq 
and that A < A^r, notice that for D < 2coA < 2coAor, there is a constant K' (depending 
on c and CqAq) such that 


i-D 


i-D 


log ^ de. 


\ogN^{Sr{xo),e)de <K' 

'0 ' Jo 

Recalling the elementary inequality du < Cxe~^^ for x large, and using the 

change of variables e = re~^^ (r hxed), we see that there is a universal constant K such 
that for all D > 0 and r > 0 with D/r sufficiently small (which is the case if Aq is chosen 
sufficiently small). 




\og-^de<KDJ\og^, 


so for D/r sufficiently small. 


r-D 


logiV,-(R,(xo),£)d£ < K'KD\l\og-. 


Let Kq be the universal constant in Lemma 13.11 It follows that 


u > Kq 


u 


i-D 


2K, 


AI 


^J\ogN^{Sr{xo),e) de 


when 


u>2KQK'KDjlog-, 


(3,2) 


SO by Lemma IXTl (applied to the random field {v{x) — v{[a, b[, x))), when u satisfies 


P sup |n(a;) — n(a:o) ~ ('i^([ 0 ) 3:) — n([a, 6], Xo))| > M 

xeSrixo) 


< exp 


{u/{2KQ)f 


< exp 


u 


dA^ 
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In order to explain fl3.ip . notice that 


D\l^og — = [/(£>)]^/^ where f{x) = ^ log —, 


^2 ^2 


D 




and 


so 


/ (x) = X log ^ = X log ^ - 1 , 


x^ 2 X 


X 


/'(x) >0 if 


x^ 


> e, i.e. X < 


Since D < 2coA, 


KD^I\og-<K" 


^2 / ^2 

V(2^ 


1 1/2 


< it'Alog 


1 / r 


A 


provided (2coA)^ < r^/e, that is, A < (2coe) ^r, which is the case as long as Aq is snfficiently 
small and A < Aqt. In this case, fl3.ip implies fl3.2p . □ 


Lemma 3.4. There is a constant K (depending on cq in Assumption \Kj\l such that if 
0 < M < r, then for all 0 < a < b, 

P< snp |n([a, 6[, x) — n([a, 6[, Xo)| < M i > exp 1^—^ . 

1 xeSrixo) I \ ^ / 


Proof. As in the proof of Lemma I3.2[ we note that the nnmber of balls of radius e (in the 
canonical metric of v{a, b, •, •)) needed to cover Sr{xo) is < ce~^r^. Applying the same small 
ball estimate as in the proof of Lemma I3.2P we obtain the desired conclusion. □ 


4 Proof of Proposition 12.3 

Fix U > 1. Set ri = rQU~'^^ and ai = /r^. Consider the largest integer Iq such that 


^0 < 


log(l/ro) 

21ogf/ 


(4.1) 


Then for i < Iq, we have r^ > r^. 

It suffices to show that for some large constant K 2 , 


P < i < io : sup |n(x) — n(a:o)| < -^2 

xeSriixo) 

> 1 — exp I — log — 

V roj 


(log log I/'S 
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It follows from Lemma [3.41 that for K 2 large enough so that K/K^ <1/4, 
P{ sup |u([a£,a£+i[,a;) - u([a£,a£+i[,a;o)| < i^ 2 - 


xeSr^(xo) 


> exp 


'■2 ' i 
1 X -1/4 
= ( log - 


K 

K? rj V 


'(loglog^)hO 


> exp ( ~ Hog log ^ 


Thus, by independence of the v{[ag, a£+i[, ■), i = I,... ,io, 

P<3i<eo: sup |n([a£,a£+i[,x) - n([a^,a£+i[,a;o)| < ^^2 


XGSr^(xo) 


(logiog^)h« 


= 1 


TT (l-Pi sup |u([af,a^+i[,a:) - u([a^,a^+i[,a:o)| 

' ' 1 xeSr^ixo) 


i<e<eo 


< K 2 


(log log^)i/Q 


Apply (14.2^ to see that this is greater than 


i-n 


e=i 


1 - 


log- 


ri 


> 1 - 


1 - 




4 


> 1 — exp 


log 4 

0 


n 


Set 




= +« 
t=i 


-1 

£+1- 


Notice that = U ^ and r^a^+i = U. Then 

k k 

+ («£+irr)"' = + f/-i < (A; + i)u-P, 


i=i 


i=i 


(4.2) 


(4.3) 


(4.4) 


with 13 = min(l, minj=i^,,,^fc(Q;^. — 1)) > 0 since < 1, j = 1,..., k. Therefore, for U large 
enough, Ai < Aqt^, and for u > Kr^U~^y/\ogU, fl3.ip is satished (with A there replaced by 
Ai and r by r^), so by Lemma 1X51 


sup 

\v{x) — 

XGSrg(xo) 


< exp 

( u 

V c7l2 


< exp ( -^f/2/3 


cr; 


Proceeding as in [271 (4-3)], we take u = iL 2 ’"£(loglog A) which is possible provided 


K 2 rf, (log log — 

V ro 


'i/Q 


> iPr^fZ-Vlogfl, 
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that is, provided 


U{\ogU) (^los'°®’ 


(4.5) 


which holds if U is large enough, to get 


sup 

\v{x) — v(xo) 

xeSrg (xo) 


< exp 

/ 1/20 

1 c(loglog2 


)-i/Q 


ro 


TQ ‘ 


Let 


Fi= \ \v{[ag,ag+i[,x) - v{[ai,at+i[,xo)\ < 


K, 


2 (loglog^)Le I ’ 


Gg= { |n(a;) - n(a;o) - v(\ag,ag+ilx) + v{\ag,ag+i[,XQ)\ > 


K, 


2 (loglog^)VQ 


Then 


F<^31<£<4: sup \v{x) - v{xq)\ < K 2 -— % u/o 

X&Sr,(x,) (lOglOg^)VQ 


> P HUiPi n > P n (ntiG?)) 

> P HUPi) - P HUGg). 


By gaD, 


and by fl4.6p . 


P > 1 - exp f ^log ^ 


( 


P{^tiGi) <4 exp 
Combining with fl4.7p . we get 




-l/4^ 




V 


(log log 


2/0 


> 1 — exp 


£0 exp 


i- 


re ' 


P{ 31 <e<io: sup \v{x) - v{xo)\ < K 2 -— \u/o 

xeSr.ixo) (lOglOg-)LO 

1 \ -1/4^ 

-0 1 log ^ 


U^0 


0/ / V c(loglog;^)2/Q 

Therefore, the proof of fl2.6p will be complete provided 

_f/ 2/3 


exp 

-4 

log 4 

1 - 

4 

+ f'o exp 



L ^oJ 




<;(iog log 


< exp 


log — 

1 - 

2 



L ^oj 



(4,6) 


(4.7) 


(4.8) 
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Recall the condition fl4.5p . and that £o is dehned in fl4.ip . Therefore, if we set 


t/=|log-l 


\ l/(2/3) 


then for tq small enough, by fl4.ip . 


1^0 ^ 


>/5(log—j (^loglog—) > 1. 


-1 


Therefore, the left-hand side of (14. 8 p is bounded above by 

3/4- 


exp 


log — 

o ro 


1 -Flog — exp 
ro 


2/Q 


clog log 

provided tq is small enough. This completes the proof of Proposition 12.31 


log — 



/ iXl/2- 

< exp 

- (log — j 


_ V ’^0/ _ 


□ 


5 Proof of Theorem 12.6 


The main effort in establishing Theorem 12.61 will be to prove the next proposition. 

Proposition 5.1. Assume that Q = d. Let I be a sujficiently small box so that Assumptions 
\2.1\ and \2.4\ hold. Let Eq > 0 be as in Assumption \2.1\ and let p be as in Assumption \2.Ji\ Fix 
X E I, and consider the following (random) subset ofMf: 


M{p,x) = {v{y) : j/ e and A{y,x) < p}. 


Then for any Zq G P{zo G M{p,x)} = 0. 

Proof of Theorem 12.61 (assuming Proposition 15. ij) . Let J be a closed box and 


M = {v{y) -.y e J}. 

Divide J into a hnite union of small boxes Ii for which Assumptions 12.11 and 12.41 hold. Let 
> 0 be given by Assumption 12.41 for A. Since {Sp^{x), x G If) is an open cover of A, there 
are ..., Xi^m ^ h such that A C It follows that 

M C U£ M{pi,xe,i), 


so for any zq G 


n( 

P{zq G M } < EE P{zo G M{pi,xiip)} — 0, 

i i=l 

by Proposition 15.11 It follows that zo is polar for v. □ 
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We now work towards proving Proposition 15.11 We proceed as in [28l Section 3]. Set 

Bp{x) = {?/ e : A(j/,x) < p}, 

B'p{x) = {p e : A(j/,x) < 2p}. 

Let x' G be given by Assumption I2.4lf b). 

Define two valued random fields 

= E{v{y) I n(a:'))> = v{y) - v‘^{y). 

Remark 5.2. (a) Because they are Gaussian and orthogonal, the processes and are 
independent. Further, is independent of the random vector v{x'). 

(b) If we only want to prove that almost all points are polar for v (that is, the range 
of V has Lebesgue measure zero), then we would not need to introduce the process v^. 
Here, we will prove that the range of has Lebesgue measure zero, and is quite a good 
approximation of v (so the range of v also has Lebesgue measure zero). Then we will use 
the independence of and v{x') to deduce that all point are polar for v. 

Lemma 5.3. The random field = (n^(p), y E B'^(x)) has a continuous version, and there 
is a finite constant C such that for y G B'p{x) and y G Bp{x), 

k 

\v\y) - v\y)\ < C\v{x')\\yj - yfi^T 


Proof. Let 


a{y) = 


E{vj{y)vj{x')) 
E{vj{x' 


'\ 2 \ 


(5.1) 


where the right-hand side does not depend on j. Since the components of v{y) are indepen¬ 
dent, n|(p) is the orthogonal projection of Vj{y) onto Vj{x'), therefore, for j G {1,..., d}, 


v'jiy) = a{y)vfix'), (5.2) 

and v'^iy) = {y\{y),, v^iy)) is the continuous version of With this version, the conclu¬ 
sion follows from Assumption I2.4f al and (b). □ 


Lemma 5.4. There is a number K (depending on d) such that, for £ < 1/3, 


P {\/y,y E /, d{y,y) <e^ \v{y) - v{y)\ < Kelog^/"^ ^ } >l-£. 


Proof. By Assumption I2.4f a). has finite diameter in the metric d. According to m 
Theorem 6.3.3 p.258], there is a finite random variable Z such that, a.s., for all y,y E I, 


\x{y)-x{y)\ < z 


''d{y,y) 


log 


X{Bd{y,u)) 


1/2 


+ log 


X{Bd{y,u)) 


1/2 


du, 
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where A denotes Lebesgue on / and Bdiy, u) is the ball in metric d centered at y with radius 
u. Since d{x,y) > cA{x,y), 


v{y) 






1/2 


du. 


Using the elementary inequality 



Co X log^^^ 


1 

X 


which is valid for 0 < a; < xq with xo > 0, and the fact that x i—)■ a; log^'^^(l/a;) is increasing 
on ]0, l/e[, we see that d{y,y) < e implies 

\\v{y-v{y)\\ < coZelog^/^(l/e), 

and this is < log^'^^(l/e) on the event {Z < K/cq}. Since Z is finite a.s., this event has 

probability > 1 — e if is large enough. □ 


For p > 1, consider the random set 


Rp = 


y 


e b;{x) 


: 3r e [2 ^^,2 with sup 

y- A(5,j/)<r 


v{y) - v{y)\ < K 2 


(log log 




and the event 

^P,i = > KB'p{,x)) (^1 - exp 

(here, A denotes Lebesgue measure). Notice that can be described as the event “a large 
portion of B'p{x) consists of points at which v is comparatively smooth.” Then 

(«,,!)' = < A(B;(i)) (1 - exp (“x)) } 

= |A(B/(i)\lip) > A(B'(i))exp 

SO by Markov’s inequality 


E(\(B'^(x) \ R,)) 
A(B;(a:))exp (-^) 


(5.3) 


The numerator is equal to 


E 



'^B'^ixJXRpiy) dy 



P{y G B'p{x) 


\ Rp] dy. 
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By the definition of Rp and Proposition 12.31 (taking the log in base 2), for y G 


P{y i Rp\ < exp f - (^og j = exp(-^), 


therefore, by fjS.S]), 

^((f^P,i)") < exp • 


In particular. 

CXD 



-P((f^p,i)'') < +00. 

p=i 

(5.4) 

Fix f3 G ]0, min(minj=i. 

— 1), 1)[ (which is possible since 5j > aj, j = 1 ,. 

..,k) 


and set 

S2r,2 = {|t>MI < 2'”’}. 

Since v{x') is a normal random vector, -^((^^,2)'^) < +00. In addition, on the event 

flp, 2 , the constant of Holder continuity of is not too large. Indeed, by Lemma 15.31 for 
y G B'p[x) and y G B'p{x), if A{y,x) < r and A{y,x) < r, then on Vlp^ 2 , 

k k 

\v\y) - v\y)\ < ^ 

j=i i=i 


If r < 2 then 

and minj=i,,, — 1 — /3) > 0 by definition of (3. Therefore, there is > K 2 such that 

on 

^p,3 = ^p,i n Hp, 2 , 

for each y G Rp, there exists r G [2“^^, 2~p] such that 

sup \v^{y)-v^{y)\ < K 3 - (5.5) 

y-My>y)<r (loglog-)^ 

Define an “anisotropic dyadic cube” of order £ as a box in of the form 

k 

JJ[mj2-^“7\ {rrij + 1)2-^“^'], 

i=i 

where rrij G M. For y E let Ce{y) denote the anisotropic dyadic cube of order i that 
contains y. This cube is called “good” if 

v^{y)-v^{y)\ < di, (5.6) 


sup 

y,y&Ce(y)nBp(x) 
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where 


2 


di — -j- 

(log log 2^) Q 

and i^3 = kK^. By (I5.5p . when occnrs, we can hnd a family of non-overlapping 
good parabolic dyadic cnbes (they may have intersecting bonndaries) of order £ G [p, 2p] 
that covers Rp. This family only depends on the random held v^. 

Let 1 -12,p be the family of non-overlapping dyadic cnbes of order 2p that meet Bp{x) bnt 
are not contained in any cnbe of Ri^p. For p large enongh, these cnbes are contained in 
hence in B'^^x) \ Rp. Therefore, when hip 3 occnrs, their nnmber is at most iVp, where 

]Vp2-« < A(B»)exp 


Wp < C2='’’®exp (5.7) 

where C does not depend on p. 

Let r2p^4 be the event “the ineqnality 

snp \v{y) - v{y)\ < Ki2~‘^Py/p (5.8) 

y,y&C 

holds for each dyadic cnbe C of order 2 p of M+ x M that meets Bp{x).” We choose 7^4 large 
enongh so that X]p>i -^((^^,4)^^) < +00 • this is possible by Lemma [531 

Set Rp = Ri,pUR 2 ,p- This family is well-dehned for all p > 1, and it is a non-overlapping 
cover of Bp{x) (becanse of how dyadic cnbes ht together). Set 

ta = = 4.^32“^(logf')“« if xd e Ri^p and x4 is of order £ G [p, 2p], 

= K^2-^P^ if x4 G R2,p. 

For each x4 G Rp, we pick a distingnished point pa in x4 (say the lower left corner). Let 
Ba be the ball in centered at v{pa) with radins r^. 

Dehne 

hip hip,3 hi kip A' 

Lemma 5.5. Recall that d = Q. Let 

/(x) = x'^loglog —. (5.9) 

X 

For p large enough, if kip^ occurs, then 

/(rx) < K\(B,(x)). 

AeHp 
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Proof. For A G 'Hi,p, 


f{rA) < K log log 2' = A'2--" ‘°4,o = A 2-0' 

V(log£)«/ (log£)‘^/« 

since d = Q, which is the volume of a anisotropic dyadic cube of order i. 

There is a constant such that, for p large enough and for all A G 'H 2 ,p, 

Uta) < log(2p). 

If f2p^3 occurs, then by fl5.7p . the total contribution of Y1 iA&'H2p is bounded by 

K log(2p) exp log(2p) exp 

Therefore, since the cubes in Pii^p are non-overlapping and intersect B'p{t,x), if occurs, 
then 

/4a) < i^A(5^(x)) +p'^/^log(2p)exp 

A&Hp 

Now X{B'p{x)) < 2'^X{Bp{x)), and this quantity does not depend on p, so the lemma is 
proved. □ 

Lemma 5.6. Let Bp he the family of balls {Ba, A G TLp). For p large enough, on Ftp, Bp 
covers M{p, x). 

Proof. Consider z G M{p,x). By dehnition, there is p G Bp{x) such that v{y) = z. Since Bp 
is a cover of Bp{x), the point y belongs to a certain cube A of Bp. We will show that 2; G Ba- 
Consider hrst the case A G Bi^p. Suppose that A is of order i G [p, 2p]. By 05.61) . 

\v\pa) -v\y)\ < di. 

Thus, since £ > p, on Plpp, by Lemma 15^ letting 7 = minj=i^...^fc(4a/^ “ 1 ~ 4) > 0, 

k 

HpA)-v{y)\ < B+\v\vA)-v\y)\ < d, + C2^^^5^(2-4'^“4 

t=i 

<di + Ck2^P 2-^1<de + Ck 2-^1 2"^ 

^ 2 di> 

for p large enough, since 7 > 0. Since v{y) = z and this implies that G Ba- 

Now consider the case A G 7^2• Then on f2p^4, by 05.8p . 

\v{pa) - z\ = \v{pa) - v{y)\ < = r^, 




so 2; G Ba- 


□ 
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Corollary 5.7. Almost-surely, the set M{p,x) has Lebesgue measure zero: X{M{p,x)) = 0 

a.s. 


Proof. For p large enough so that occurs, by the dehnition of / in 


and Lemma [5.51 


T,’-a< 


1 


A&Hp 


\ogp 


E /(r,) < tSAPMl ^ 0 




\ogp 


as p ^ +00. Since the family of balls {Ba, A G T-Lp) covers M{p,x) by Lemma 15.61 we 
conclude that A(M(p, x)) = 0 a.s. □ 


Proof of Proposition 15. 1[ Fix zq G Let a{y) be dehned as in (15.ip . Notice that for p 
small enough, 1/2 < aipy) < 3/2, and y i-G- aipy) is Holder continuous by Assumption l2.4l bL 
Dehne ^ 

a(l/) 

Clearly, by (EZ]), 

v{y) = zo V 3 {y) = v{x). (5.10) 

We are going to check that the range of ^3 has Lebesgue measure 0. Assuming this for the 
moment, let fv(x') be the probability density function of v{x'). Then 

P{zo G M{p,x)] = P{^y G Bp{x) : V:i{y) = v{x')] 

= / dz U(^i){z)P{3y G Bp{x) : v^iiy) = z}, 

JRQ 


where we have used the fact that Ui, hence Us, is independent of v{x') (see Remark [5. 2 f a)!. 
Since the range of ^3 has Lebesgue measure 0, the probability on the right-hand side vanishes 
for a.a. z, hence the integral is 0 and P{zo G M{p,x)} = 0, as claimed in Proposition 15.11 
It remains to prove that the range of has Lebesgue measure 0. For A G PLp and y ^ A, 


vsiv) - V3 {pa) 


1 

a{y) 


{zo-Vi{y)) 


1 

a{pA) 


{zo - Vi{pa)). 


Recall that a is Holder continuous and bounded above and below. If A G PLi^p and A is of 
order £, then for p sufficiently large, the right-hand side is 


k k 

— ^ ~ < c 2 -|- 2 di. 

j=i j=i 

Since SjaJ^ > 1, j = 1,..., k, this is < 3di < rA- If A G 7^2,p, then for p sufficiently large, 
the right-hand side is 


< c 




0=1 


< crA- 


This means that for some constant c, {B{pA,crA), A G PLp) covers the range of ^3. As in 
the proof of Corollary 15.71 we conclude that the Lebesgue measure of {v^i^y) : y G Bi{x)} is 
zero. □ 


19 
















6 Polarity of points for systems of linear heat equations 
with constant coefficients 

Fix k>l and suppose /? G ]0, fc A 2[ or A; = 1 = /3. Let V{M. x M^) denote the space of C°°- 
functions with compact support and (hF(<p), G ©(M x R^)) be a spatially homogeneous 
R'^-valued Gaussian noise that is white in time, with spatial covariance given by the Riesz 
kernel \x — y\~^, unless k = 1 = /3, in which case W is space-time R'^-valued Gaussian white 
noise based on Lebesgue measure. In both cases, IF((p) = {Wi{ip),... ,Wd{(p)), and the 
components are independent. 

Recall that in the spatially homogeneous case, the covariance of the noise is informally 
given by 

E{Wi{t,x)Wj{s,y)) = 5{t - s) |a: - y\~^ 5ej, 

where ^(•) denotes the Dirac delta function and is the Kronecker symbol. More precisely, 
for any G°°-test functions (p and 'ip with compact support, 

E{We{p))Wj{'ip)) = 6e,j [ dr! dy f dz p){r,y) \y - z\~^ tp^r, z). 

Jm.+ Jr'^ Jr'^ 

Using elementary properties of the Fourier transform (see (10) in [7]), this covariance can 
also be written 

E{M^)W,m = k3l dr [ ( 6 - 1 ) 

Jr+ Jr><^ 

where Ck ,/3 is a constant and ExP>{r, •)(^) denotes the Fourier transform in the a:-variable: 

[ e-^^'^ip{r,x)dx. 

Jr!^ 

This type of noise is discussed for instance in [TOl Section 2]. Space-time white noise in the 
case k = 1 corresponds formally to /3 = 1 in flO.ip . or, equivalently, 

E{W^{Lp)Wj{pp)) = ! dr f dyip{r,y)i3{r,y). 

Jr+ aRfe 

Let V = {v{t,x), t E R+, a; G R) be the mild solution of a linear system of d uncoupled 
heat equations driven by this space-time white noise: 

I = ^Vj{t,x) + Wj{t,x), j = l,...,d, 

I n(0, a:) = 0, x E R^. 

Here, v{t,x) = {vi{t,x),... ,Vd{t,x)) and A is the Laplacian in the spatial variables. The 
notion of mild solution is discussed in m Section 2] (see also [26l Ghapter 6]). 

Theorem 6.1. Suppose (4 -f 2k)/{2 — /3) = d. Then points are polar for v, that is, for all 
Z E R(^+2*^)/(2-/3)^ 

P{3{t,x) G ]0, -|-oo[ xM.^ : v{t,x) = z} = 0. 

In particular, in the case where k = 1 = (3, W is space-time white noise and d = 6, then 
points are polar for v. 
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Let W{dT,d^) be a C'^-valued space-time white noise, that is, Re(hL) and Im(hL) are 
independent space-time white noises based on Lebesgue measure (Re(hL) and Im(hL) denote 
respectively the real and imaginary parts of W). In particular, 

E{We{A)W^) = 2A(A n B)6ej 


(here, IR(R) = (IRi(R),..., IRrf(R))). 

We shall show in the next proposition that the process {v{t, x), {t, x) G M+ x defined 
by 

v(t,x)= / (6.3) 

is a solution of the stochastic heat equation. By analogy with the processes considered in 
[5], we call formula (I6.3j) a harmonizable representation of the solution to (16.21) . This type of 
representation also appears in |ll Section 4]. 

Proposition 6.2. For Lp G L^(M+ x R^,C), define 

W,(‘P)= f f 

Jr 

where JFs,y denotes Fourier transform in the variables {s,y). 

(a) For j = if k = 1 = fi, then Wj is a C-valued space-time white noise; 

otherwise, Wj is spatially homogeneous noise that is white in time with spatial covariance 
given by \x — y\~^. 

(b) {v{t,x), it,x) G M+ X defined in fl6.3p is a C-valued solution of 

I = Avj{t,x) + Wj{t,x), j = l,...,d, 

< , (6-4) 

y n(0, x) = 0, a; G R^. 

(c) (Re{v{t, x)), {t,x) G R+ X R^) and {y{t,x), {t,x) G R+ x R*^) have the same law. 
Proof, (a) Consider first the case k = 1 = fi. Observe that 

E{Wj{p>)Wj{fi)) = [ [ dTdfEs,yP>{T,f)Es,yfiiT,f)= [ f dsdyp>{s,y)fi{s,y), 

Jr ./r'= Jr Jr^ 


where we have used Plancherel’s theorem, so Wi is a space-time white noise. 
Now consider the case fJ G ]0, A; A 2[. Then 


E{Wfiip)Wfifi)) =[ dr 

Jr 



df 




b3J^s,yFiT,0J^s,yi^{T,0 
1 


dy / dz(p{s,y) 


\y-4 




where we have used again formula (10) in [7], and property (a) is established. 
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(b) Let G be the fundamental solution of the heat equation. Notice that 

/ lio,t](,s)G{t - s,x - y)Wj{ds,dy) 

JRxRfc 

Now, - ■,x- •))('r,0 is equal to 

The Fourier transform in the s-variable is easily calculated and one hnds that 
/ l[o^t]{s)G{t - s,x - y)Wj{ds,dy) 

jRxR'' 

r p-irt _ p-t|Cp 

= / W,(dT,dOe-‘i-^ . -i). (6.5) 

jRxR'' 141 ~ 

By fl6.3p . Uj(0,a;) = 0, so, following [26l Dehnition 6.1], we have checked that v is the (mild) 
solution of fl6.4p . and (b) is proved. 

(c) Set w = Re(u). Then by (b), tc(0,x) = 0,w satishes ^^ — Awj = Re(lTj(t, x)). If fc = 

1 = /5, then Re(hFj) is a real-valued space-time white noise such that E[{Re{Wj)y] = A(74), 
and otherwise, Re(hFj) is a spatially homogeneous noise with the appropriate covariance. 
This proves (c). □ 


Let 


2-/9 2-/3 ^ 

— - - - 5 Oi2 — - — 2iOi\ 


, . 2 ( 6 . 6 ) 

(these are the Holder exponents of t v(t,x) and x v(t,x), respectively, considered as 
functions with values in L‘^{Q, 3F, P)), and set 


v{A,t,x) =11 e 


-i^-x ' 


^-irt _ 


\^\i0-k)/2w^dT,dO. 


max(|T|“l, g|“2)6A |4| 

Clearly, the random held {v{A,t,x), A e H(M+), (t,x) G M+ x satishes Assumption 


12.H al (with the generic variable x G replaced by {t, x) G 
we check Assumption 12. If bl (with oq = 0). 


X 


). In the next lemma. 


Lemma 6.3. Let 


7i = ^ - 1 = 


2 + /3 


72 = 0(2 ^ - 1 = 


/9 


2-(3^ ^ 2-13 

There is a universal constant Cq such that for all 0 < a < b and (to,Xo) G M+ x 
{t, x) G M+ X 

||u([a, 6[,t,x) -v{t,x) -v{[a,b[,to,xo) -1-u(fo, (Co)||l 2 

k 


< Co 


.71 


|t - to| + ^ \xj - Xoji b 

i=i 


-1 
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Remark 6.4. Lemma WT^ states in particular that for b = oo, (t, x) v{t, x)—v{[a, oo[, t, x) 
is Lipschitz continuous. However, the Lipschitz constants in t and x are of different orders 
of magnitude, which reflects the {ai, 02 )-Holder exponents of {t,x) 1—)■ v{t,x). 


Proof. Let 


vfla, t, x) 


V2{b,t,x) 


Then 




max(|r|“l, |^|“2 )<a 


max(|T|“l, |5|“2)>6 


^-irt _ g-t? 

— ir 


p-irt _ p-tp 


ffl -ir 


\if-^^I^W{dT,df). 


v{[a, b[, t, x) - v(t, x) - v{[a, b[, Xq) + v(to, Xq) 

= vi(a,to,xo) - vi(a,t,x) + V 2 (b,to,xo) - V 2 (b,t,x). 


Set 


fi{a,t,x,to,Xo) = E[\vi{a,t,x) - Vi{a,to,Xo)\^], 
f2ib,t,x,to,Xo) = E[\v2ib,t,x) - V2ib,to,Xo)\‘^]. 
We shall estimate these two quantities separately. First, set 

Dfla) = {(r,0 e M X : max(|r|“^ |^|“^) < a}. 

Then 


(6.7) 


fl(^a, t, X, tg, Xq) 


= d 

= d 

= d 


Di{a) 


Di{a) 


Di(a) 




„-iTt _ p-t\i\‘^ ^-irto _ g-tolCI^ 




^-i^-xo_ 




Ifl^-’^dTdf 


g-iri _ g-*hh _ ^-ii-{xo-x)-iTto ^-iS-(xo-x) 


Plif X, T, ffl + ^2{t, X, T, 

- 1^|4^^2 -1^1 drdf, 


\^\^-^dTdf 


( 6 . 8 ) 


where 


(pi{t, X,T,f) = cos(rt) — e — cos(.^ • (xg — x) + rtg) + e cos(.^ • (xg — x)), 
ip2it, X, T,f) = - sin(rt) + sin(^ • (xg - x) + rtg) - sin(^ • (xg - x)). 

Observe that (pi(to,Xg,r,^) = 0 = ip 2 (to,Xo,T,^), and 


dip 


dt 

dip 


- = —rsin(rt) + \ f\‘^e 


dxj 

dip2 

dt 

dip2 

dXn 


- = -fj sin(^ • (xg - x) + Tto) + fje sin(^ • (xg - x)), 


= —rcos(rt), 

= —fj COs{f ■ (xg - x) + Tto) + COs(^ • (xg - x)). 
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Therefore, for £ = 1, 2, 


<M + iep, <m, 


and the Mean Value Theorem implies that 


< (k| + I^Hlt-tol + 2|^| |a; - XqI, 


fi{a,t,x,to,Xo) < d // + \^\^){t-tof+ 8\^\‘^\x-Xo\‘^_ 


|^|4 + r2 


<Ad-{t-tof l^f-’^drd^ 


|^| 2 +/ 3 - 


+ 8d ■ \x — xq\ 


1^1^ + ^' 


-drd^. 


For the hrst integral, pass to polar coordinates r = |.^| and use the fact that = 2 q;i to 


where 


Clearly, 


max(|T|,r2)<a“l 


r^-^+^-^drdr = Ck{Ai + A2), 


A,= 


^drdr, A 2 = 


r2<|T|<a“l 


^drdr. 


|T|<r^<a“i 


Ai= dr drr^ 1 = ca2(2+/3)/(2-/3) = 


A<} — 


drr^-A = =ca^^\ 


We conclude that 


\if-'^dTdi < ca^'^h 


For the second integral, pass to polar coordinates r = |,^|: 


( 6 . 10 ) 


1 ^ 1 ^+^' 


-drd^ = Ck 


r „ 2 +/ 3 -fc 

/ - - ^r^-^drdr, 

max(|T|“l ,r“2)<a ^ T T 


then set w = to get 


y;C+i )/2 drdw 

<(|r|“l,«;“l)<a 2^/w 


<(|t| ,to)<a“l ^ T T 


drdw 


' max(|r|,i(f)<a“l 


|(tc,r )|2 ‘^drdw. 
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Pass to polar coordinates p= |(ta,r)| to see that 

<C r" dp = Ca2/5/(2-/3) ^ ^^27. _ 

'Di(a) Kr + Jo 

We conclude that 

fi{a,t,x,to,Xo) < c[a^'>'i(t - tof + a‘^'^^\x - Xq^]. 

We now examine / 2 . Set 

D 2 {b) = {(r,0 : max(|r|“S |^|“=) > b}. 

Notice that as in fl6.8p . 

f2{b,t,x,to,xo) = d --—-- 1 ^ 1 ^ drd^. 

JJD2{b) l4r + ^^ 


Observing that \pi\ <4 and \p 2 \ < 3, we see that 


f2{b,t,x,to,Xo) < 25d 


Ki" 


—k 


D2(b) 


;dTd^. 


Let 


= {(r,0 : > |^|“" and |r|"i > b}, 

^2 = {(r,0:|rr <|er^and \^r > b}, 

so that y4i U ^2 = D 2 {b). Passing to polar coordinates p = |^|, notice that 


and 


Ai 1^1^ + ^- 


2 drd^ < 4cfc I dr I dp 


^k-l+P-k g 


Ib"i Jo 


drd^ < Cfc / _ dpp‘ 




'A2 

therefore, f 2 {b,t,x,to,XQ) < cb~^. This proves Lemma lOl 


°° fP 

/ dr —— = cb^^ = cb~^, 

b “2 Jo P 


( 6 . 11 ) 


( 6 . 12 ) 


(6.13) 


(6.14) 

□ 


We now check Assumption 12.41 for the process v. In the context of this section, in 
agreement with Lemma [6.31 and Assumption 12 .1 f b). 

2-/3 2-/3 

A((t,a;), (s,|/)) = \t-s\~ + \x-y\ — . 

It is well-known (see [SI Lemma 4.2]) that for any compact box I C ]0, cx3[ xM, there is c > 0 
such that for all {t, x) E I and (s, y) G /, 

||h(f,a;) -' 0 (s,|/)||i 2 > cA{{t,x),{s,y)). 
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Further, 


\v{t, x )\\‘^2 = d ds dy dzG{s,y) 


\y-z\^ 


G{s,z) 


> 

Jo 

2-/5 

= Cot 2 


ds 


lel 


%\J^yG{srm\" = c^ fds 


di 




lei 


k-y 


(6.15) 


so Assumption [231(a) is satisfied for the box I. In the next lemma, we check Assumption 

123Kb). 

Lemma 6.5. Let / C ]0, oo[ xM^ be a compact box. Fix (t, x) G /. Let t' = t — 2(2p)"i ^ and 
x' = X (where p is small enough so that t' > t)). There is a number G\ (depending possibly 
on p, (3, k and d) such that for all (si,|/i), ( 52 , 1 / 2 ) ^ B((t,x) (the open A-ball in M_|_ x 
of radius 2p centered at (t, x)), and j G {1 ,..., d}, 

E[ivjisi,yi) -Vj{s2,y2))vjit',x’)] < Cidsi -S2I + \yi -y2\)- 

Proof. For {s,y) G B((t,x), define 

f{s,y) = E{vj{s,y)vj{t',x')). 

Case 1: k = 1 = (3. In this case, 

f{s,y) = G [ dr [ dy G{s - r,y - y)G{t'- r,x'- y) 


(notice that the right-hand side does not depend on j). Then 
dy 


df f dG 

[s,y)= dr dy—{s-r,y-y)G{t'-r,x'-y). 
Jo Jm. dy 


Notice that 


dG y-y -N 

— [s-r,y-y) = - G[s -r,y-y). 

dy s — r 


Since (s, y) G B'p{t, x), s >t — (2p)“i , and since t — t' = 2(2p)“i , it follows that for r < t', 
s — r > (2p)"i . Therefore |f“| is bounded over B({t,x) (with a bound that depends on p 
but does not depend on (f,x) G I). 

Similarly, since 


dG ^ I [ I Av-y) 

— [s-r,y-y) = --[ --f - -^ 

ds 2\s-r [s-ry 


G{s -r,y- y), 


we see that is also bounded over B' {t,x). By the Mean Value Theorem, we conclude 


that 


\f{si,yi) - f{s2,y2)\ < C'dsi - S2I + \yi -//2I), 
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and this proves the lemma in this case. 
Case 2: G ]0, 2 A /c[. In this case, 


f{s,y)= dr dy dz G{s - r,y - y)— — ^G{t'- r,x'- z), 
Jo V V li/-^r 


so 


df f f dG 1 

[s,y)= dr dy dz —{s - r,y - y)— ——.G(t'- r, x'- f) 
Jo V V dyj \y-z\f^ 


dy 


pi' r r QQ 

<G dr dy dz —{s - r,y - y)— - ^G{t'- r, x'- z). 

Jo V V 9yj \y-z\P 


One checks, as above, that ^{s,y) is bonnded (with a bonnd that depends on p bnt does 


not depend on (t,x) G /), as is so the conclnsion follows as in Case 1. 


□ 


Proof of Theorem 16. il By Lemma 16.31 and the sentences that precede this lemma, for any 
compact box / c]0, oo[xM^, Assnmption 12.II is satisfied for Re(n), with exponents 71 = 
and 7 j = j = 2,..., A; + 1, so that ai = and aj = j = 2,..., /c + 1. By Lemma 
I6.5l and the comments that precede this lemma, Assnmption 12.41 is satished by v (with 5j = 1), 
hence by Re(n) by Proposition l6.2lf cL Since Q = = (4 + 2k)/{2 — jd) = d, it 

follows from Theorem 12.61 that for all z G 

P{ 3 {t,x) G / : v{t,x) = z} = P{ 3 {t,x) G / : Re{v{t,x)) = z} =0. 

Since this holds for all compact rectangles I c] 0 , cx3[ xM^, Theorem 16.11 is proved. □ 


7 Polarity of points for systems of linear heat equations 
with nonconstant coefficients 

For j = 1,... , A;, let (Tj : M X —)• M be a continnous fnnctions snch that, for all T G M+, 
there are 0 < ct < Gt < 00 snch that for all (A, x) G [0, T] x 

ct < <7'j(A, x) < Gt- (7.1) 

Let W be as in Section |6]and let v = {v{t,x), t G M+, x G M^) be the solntion of a linear 
system of d independent heat eqnations with deterministic coefficients: 

I = A%(A,x)+ aj(A,x)IF^(A,x), j = l,...,d, 

n(0, x) = 0, X G 
Set 

Gt,x{^,y) = l[o,i](s)G(A - s,x - y). 
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As a consequence of fl7.1l) . in either of the cases {3 e]0,A;A2[or k = 1 = /?, 





3-k 




< OO. 


Indeed, in the case [3 G ]0, fc A 2[, for instance, the integral is equal to 

1 


ds / dyi / dy 2 Gt,xis,yi)aj{yi) 


\yi - 2 / 21 ^ 


Gt,x{^,y2)(Tj{y2), 


and then fl7. II) can be used. 

We also make the following technical assumption on aj. This assumption can be checked 
for specihc choices of /5, k and aj, as in Proposition 17.61 below, for instance. 

Assumption 7.1. (a) 3Fs,yO'j is a measure fij with finite total variation. 

(h) Similar to fib.lip . for large a, 


|/ij|((ir, dz) 


drdi 1^1 


y-k_ 


le-^i 


'Di(a) I'^-^l^ + k-r 

(c) Similar to fl6.13p and fl6.14p . for large b, 




2 — 


\lj.j\{dr, dz) 


drd^ 


D2{b) 


1^ — + |t — r 


< cb 


-2 


2 — 


Theorem 7.2. Suppose that d = (4 + 2k)/{2 — fi) and Assumption \ 7.1\ is satisfied. Then 
points are polar for v. 

Recall from the calculations that led to fl6.5l) that 

Ts,yGtATO = 


^-irt _ g-tkl 


|^|2 -ir 


Dehne W as in Proposition 16.21 and set 

Vfit,x)= [ f WfidT,dm\^^-^^/fij^s,yGt,x*J^s,y(Tfi{^^ 

Jm. 

Proposition 7.3. The random field v = {v(t,x) = {vi(t,x),... ,Vd(t,x))) is the solution of 
the spde fl7.2p with W replaced by W. 

Proof. Observe that by dehnition of hPj, 


l[o,t] {s)G{t - s,x- y)a{s, y)Wj{ds, dy) 

Wj{dT,d^)J^s,yiGt,x(Tj){T,0\^\^^~’'^^^ = Vj{t,x), 

























and nj(0,x) = 0. Therefore, v is the mild solution of fl7.2p (with W replaced by W). This 
completes the proof. □ 


Dehne ai and 02 as in (16.61) and let 


v,{At,x) = / / 

J dmax(|T|“l,|5|“2)6A 

and {y{A, t, x) = {yi{A, t,x),..., Vd{A, t, x)). 


Proposition 7.4. Under Assumption \7.1^ a)-(c), the random field {v{A,t,x)) satisfies As- 
sum,ption \2. 1\ for any compact box I c]0, oo[xM^. 

Proof. Assumption 12 . If a) is clearly satished, so we check Assumption 12 . If b). Set 

J JDiia) 


Dehne 


fij{a,t,x,to,xo) := E [{vij{a,t,x) - vij{a,to,xo)f) 


Di(a) 

and notice that by the Cauchy-Schwarz inequality, 

\{{Es,yGt,x - fEs,yGto,xo) * J^s,y(Jj){,T,f)\‘^ (7.3) 

2 

{Es,yGt,x{T -r,^- z) - Es,yGta,xo{T -r,^- z))p,j{dr, dz) 

< |/ij|(M X M^) [[ \Es,yGt,x{T -r,f-z)- Es,yGtQ,xfir - r,^ - z)\‘^ \fij\{dr,dz), 


so 


\iaj\{dr,dz) 11 drd^l^l'^ ^ 

Diia) 


fij{afi,x,to,xo) < G 

J ./RxM'' j jD i(a) 

^ 1 -^ s,yGt^xiA ^5 ■^) ^s,yGtQ,xo (^ I ■ 

By fl6.8p and 06.91) . the inner integral is equal to 

3-k x,T -r,^ - zfi + (P 2 {t, x,T-r,^- zfi 


d 11 drdf |.^|^ 

’Diia) 

<d[[ 

J JDi{a) 


I'C “ + |r — r| 


4(t — to)^ + 8 


By flMnl) . this is 

< ci(t - to)^a^'^^ + C2|a; - xfi^ 


\x — 

1^ — + lx — rp 

Di(a) Is ^1 + P 





















This establishes in particular fl2.2p for any oq > 0. 

By Assumption \1 .Vi a.) and (b), we conclude that for large a, 

fi{a,t,x,to,Xo) := E{\vi{a,t,x) - Vi{a,to, xq)]'^) 

< Cl — toY + C2 a^^^lx — xo\‘^. 


(7.4) 


Set 


Then 


V2Aa,t,x) = II 

>D 2 (b) 


f 2 ,j{b,t,x,to,xo) := E {{V 2 ,j{b,t,x) - V 2 ,j{b,to, xo)f) 

drdi * Es,yCJ,){T,0?. 

D2{b) 

Using the Cauchy-Schwarz inequality as in fl7.3p . we hnd that 

f2,j{b,t,x,to,Xo) <C f f \fij\{dr,dz) [ [ 

JJ JJD2(b) 

^ 1-^ s,yGt,x {x 'b ■^) ^s,yGtQ^xo i.X I 

and by (16.121) . the inner integral is equal to 

3-k X,T -r,^ - zf + ip 2 {t, x,T-r,^- zf 


drdi 1^1^- 


D2(b) 

< 25 


1 ^ — zl"^ + \t — rP 


D 2 (b) Is ^1 + r 


By Assumption 17.li e), for large b, 

f 2 {b,t,x,to,XQ) := E{\v 2 {b,t,x) - V 2 {b,to,Xo)\^) < cb~^. 

Putting this together with fl7.4p . we conclude that Assumption I2.1f b) is satisfied. 


□ 


Lemma 7.5. (v(t,x)) defined in 
] 0 ,oo[xRK 

Proof. Observe that 


satisfies Assumption fS.fl for any compact box I C 


\x{t,x)\\l2 = d j ds [ dy [ dz G{s,y)a{s,y)- — ^-^G{s, z)a{s, z) 

Jo jRk J^k \y-zf 

2 f , f , s 1 X. 


>Ct ds dy dzG{s,y) 

Jo ^R'' \y ~ z\P 


G{s, z) > Cot 2 


by the same calculation as in (I6.15p . so Assumption I2.4f a) is satisfied. 

Since a is bounded above by fl7.ip . the proof of Assumption I2.4f b) follows the proof of 
Lemma 16.51 □ 
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Proof of Theorem 17.4 By Proposition 17.41 Assumption 12.11 is satisfied for Re(n), with 
exponents ai = and 02 = for any compact box I c]0,oo[xM*^. By Lemma 1731 
Assumption 12.41 is satisfied for v. Since Re(n) and v have the same law by Proposition 17.31 
the conclusion follows from Theorem 12.61 □ 


Sufficient conditions for Assumption ]?. l^ b) and (c) 

Proposition 7.6. Suppose that k = 1 = (3, and 3Fs,yPj is a measure with compact support 


and finite total variation. Then Assumption 7.1 is satisfied. 


Proof. It is clear that Assumption 17. If a) holds. We check Assumption R.lf b). Note that 
k = l = (3, so ai = j and 02 = and observe that 


Di(a) 


|r_54^1_H2 ^// 1 1 1 1 ir _ 5 _ H 2 

I? ZI \ \> 'I J J max(|T—r| 5 ^ )<a+'r^ + 2 :^ Is \ ' | 

, ,0 - 

Di{a+r^+zh) I'CI^ + kP 

By fib.lip in the case /c = 1 = /3 (so 72 = 1), we conclude that this integral is < c{a+r^ +z^)'^, 
and therefore 

\fi,\{dr, dz) f j drdf 

KxR JJDi(a) Is “ ^1 -t-R —r| 


< c 


- l\ 2 

\fri\{dr, dz) (^a + r^ + z^^ = ca^ j j \fri\{dr, dz) [ 1-\ -h— 


a a 


<ca'^ \fii\{dr,dz) (1 + ri + z^A 

J Js.xW. ^ ^ 


(7.5) 


provided a > 1, and the integral is hnite under the assumptions of this proposition. This 
establishes Assumption l7.1f bL 

We now check Assumption I7.11 c) in the case k = 1 = (3. Use the change of variables 
s = T — r,y = f — z to see that 


D2{b) 


< 


^ dsdy■ 


max(|sH-r| t )>b 

I.|4 ! |.^I2 > 

D2i'ip{b,r,z)) Isl + Rr 


where 'ip{b, r, z) = min(|&"^ — |r| — |z| 

By fl6.13p and (I6.14p . we conclude that 


\fii\{dr, dz) 


drdf 


D2{b) 


1 ^ — zp + |r — r 


< c 


2 — 


|/ii|((ir,(i^)(?/>( 6 ,r,^)) , (7.6) 
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and clearly, 


-0(6, r, z) = 6 min 


1 - 


64 


1/4 


1 - 


62 


1/2^ 


If 6 is large enongh so that the ineqnalities \z\ < 6^/2 and |r| < 6^/2 are satished for all (r, z) 
in the snpport of /ij, then 'ip{b,r,z) > 6/2, and so the right-hand side of fl7.6p is < 4c6“^. 
This establishes Assnmption I7.1f ch □ 

Corollary 7.7. Suppose that d = 6, k = 1, W is space-time white noise and Ts,yh‘i is a 
measure with compact support and finite total variation. Then points are polar for the solu¬ 
tion {v{t,x)) of the stochastic heat equation fl7.2p with nonconstant deterministic coefficients 

(Ti- 


Proof. This is an immediate conseqnence of Theorem 17.21 fwith fi = 1) and Proposition 17.61 

□ 


8 Polarity of points for systems of linear wave equa¬ 
tions with constant coefficients 

Fix k > 1 and fi e] 0, k A 2[ or k = 1 = fi, and let W be spatially homogeneons M'^-valned 
Ganssian noise as in the beginning of Section [6l We assnme that 

fi>l. (8.1) 

Let V be the solntion of the stochastic wave eqnation in spatial dimension k driven by W: 

(t, x) = Avj (t, x) + Wj{t,x), j = 1,..., d. 


aA ' 


6(0,0;) = 0, ^6(0,0;) = 0, x e M^. 


Theorem 8.1. Suppose k = 1 = fi or 1 < fi < k A2, and d = Then points are polar 

for V, that is, for all z , 


P{3(t, x) G ]0, -|-cxd[ : v(t, x) = z} = 0. 

In particular, in the case where k = 1 = (3, W is space-time white noise and d = A, then 
points are polar for v. 


Dehne 


F(t,x,r,0 = 




2|?l 


1 - e 




1 - e 




r+l^l r-|^| 

The next proposition gives the harmonizable representation of v. This representation also 
appears in [H Section 6]. 
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Proposition 8.2. Set 



v{t,x)= / W{dT,dO\^\^‘^ F{t,x,T,^), 


and let Wj{^ip) he defined as in Proposition W.^ Then {v(t, x), (t, x) G M+ x M^) is a C-valued 
solution of 

^Vj{t,x) = Avj{t,x)+ Wj{t,x), j = 
i;(0,x) = 0, ^w(0,a;) = 0, x G M. 

In particular, Re{v) and v have the same law. 

Proof. Let S{s, y) be the fundamental solution of the wave equation. Since fi G ]0, A; A 2[ or 
k = 1 = fi, the stochastic integral 



Wj{ds,dy)lio^t]{s)S{t - s,x-y) 


is well-defined in all spatial dimensions k > 1 (see [3 Example 6]), and 



Wj{ds, dy)l[o^t]{s)S{t - s,x-y) 

WjidT.dV) Ifl'"-''*'" --.x- ■))(t,0. 



Now for s G [0,f], according to [3 Example 6], 

F,S{t -s.x- -m = - s, .)(-0 = 


and - -^x - •))(e 0 is equal to 


pt 


pt 




—irit—r) 


sin(r|^|) dr 


^—i^’X—irt pt 




lel 


2i 


■ dr = 


^—i^’X—irt 


2|?l 


X _ e*ih+ISI) e*ih-ISI) _ x 


^+1^1 


+ 




Therefore, 



Wj{ds,dy)l[o^t]{s)S{t - s,x-y) = Vj{t,x), j = l,...,d. 


This proves the proposition. 


□ 


Let 


a = 


2 ’ 
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and set 



max(|r|“,|5|“)ej4 




Clearly, the random field {v{A,t,x), A G i3(R+), {t,x) G M+ x M.^) satisfies Assnmption 
12.11( a) (with the generic variable x G replaced by {t,x) G M+ x M^). In the next lemma, 
we check Assnmption 12. li b) . 

Lemma 8.3. Let I c]0,T] x M 6e a compact box. Assume that fIS.ip holds. Then the 
random field {v{A,t,x), A G i3(M+), (t,x) G I) satisfies the conditions of Assumption l2J[ 
with exponents 


7i = 72 = tt ^ - 1 


2-fi 


In particular, there is a universal constant cq and oq G M+ such that for all oq < a < b, 
{to,Xo) G I, (t,x) G I, 


v{[a,h[,t,x) - v{t,x) - v{[a,b[,to,Xo) - v{to,xo)\\L2 



( 8 . 2 ) 


and 


k 


n([0,ao],t,x) - n([0,ao],to,a:o)||L2 < Co \t - to\+ ^\xj - yfi . (8.3) 


Proof. Assnmption 12.1 If al is clearly satisfied, so we check Assnmption 12.llf b) . Let 

Dfia) = {(r,0 : max(|rr, 1^1“) < a}, = {(r,0 : max(|r|“, |e|“) > b}, 


and for £=1,2, 



As in 06.71) . 


v{[a,b],t,x) -v{t,x) - v{[a,b],to,Xo) +v{to,Xo) 

= Vi{a,to,Xo) -vi{a,t,x) +V 2 ib,to,Xo) -V 2 {b,t,x). 


(8.4) 


So for £=1,2, we let 


fe{a,t,x,to,Xo) = E [\v£{a,to, Xo) - vfiafi, x)\‘^] . 


Clearly, 
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Using Lemma [8.4r ai below, we see that 


fi{a,t,x,to,xo) < c I |t - toT + \^j - ^o,j\ 

i=i 


X 


[[ 

1 

_1 

J J Dx(a) 

1- 

+ 

w 

+ 

jF 

to 

H 

+ 

w 

1 

jF 

to 

1_ 


\^\^-^dTdC 


Change to polar coordinates r = |,^| to see that the double integral is equal to 

1 1 


C 


0<max(|r|,r)<a^/“, r>0 


+ 


l + 7(r + r)2 i + i(r-r)2 


^ drdr. 


Use the change of variables u = (r + r)/2, n = (r — r)/2 to see that the double integral is 
equal to 


1 1 
+ 


max(|ii+u|, hi—, w—u>0 _ 
< 


max(|hi|, |h;|)<2a^/“ _ 


1 + 1 + 
1 1 


{u — vY ^dudv 


1 + 1 + 


u — v\^ ^dudv. 


By Lemma IHT^ a) below, this is < Ca^l°' = Ca}'^. We conclude that 


\\vi{a,to,Xo) - Vi{a,t,x)\\L2 < C a? 


This establishes in particular fl8.3p . for any oq > 0. 
We now turn to the second term: 


i=i 


f2{b,t,x,to,xo) = d // \F{to,xo,T,^) - F{t,x,T,^)\‘^\^\^ drd^ 

J JD2{b) 

<2d [[ [{F{to,xo,T,Oy + {F{t,x,T,0)‘^] l^f-’^drd^. 
J JD2{b) 

By Lemma I8.4f bi below, the double integral is bounded above by 


Cj 


[[ 

1 

h 

_1 

J JD2(b) 

1 

+ 

w 

+ 

jF 

to 

H 

+ 

w 

1 

jF 

to 

1_ 


1+ieP 

Change again to polar coordinates r = |^| to see that this is bounded by 


drd^. 


ff 

1 

h 

_1 

J '/max(|r|,r)>fo^/“, r>0 

_l + i(r + r)2 ' l + |(r-r)2_ 


r./3-l 


■ drdr. 


(8.5) 


( 8 . 6 ) 


(8.7) 


By Lemma [8.5f bi below, this is < c6 
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( 8 . 8 ) 


We conclude from fl8.6p and the above estimate fl8.7p that for large b, 

f2ib,t,x,to,xo) < Cb~‘^. 

Putting together fl8.4p . fl8.5p and fl8.8p . we conclude that for qq large enough and < a < b, 
the conclusion of Lemma 18.31 holds. □ 


The following two lemmas were used in the proof of Lemma 18.31 

Lemma 8.4. FixT > 0. There is a constant Ct such that for all {t,x), {tQ,xo) G [0,T] x'Ef, 
and all (t, G M x Mf, the following inequalities hold: 

(a) 


\F{to,Xo,T,f) - F{t,X,T,f)\ 


<Ct\ - ^oI + ^ \Xj - Xoj\ 

j=i 


+ 


_i + ^\t + 1^11 1 + ok “ kiL 


(b) 


\F{t,x,T,f)\ < Ct 


+ 


1 + ||r + kll 1 + ||r — kll 


1 


Proof, (a) Notice that 
dF 


dx, 


= -i^jF{t,x,T,f) = 




m 


X _ g*hT+hi) 


Observe that there is c > 0 such that for all m G M and t G [0, T], 

1 - ^ 


u 


1 + \\uf 


X _ g*ih-l€l)' 

x-\^\ 


so 


dF 


dXn 


{t,X,T,f) 


< 


+ 


2[l+2|r+k|| l+ok^kll 


(8.9) 


Similarly, 
dF 




it, X, T, f) = -irFit, X, T, f) + —^ 




— I 




re re re 


x+ ki 


X- ki 


+ F 


We notice that the term in brackets vanishes when |^| = 0, and remains bounded when 
r±|^| 0, so ^ is locally bounded. In fact, reducing to a common denominator, rearranging 

terms and simplifying, one hnds that 


dF 


{t,X,T,f) 


rj 

2 


"X — g^h-r-ISI) X — 

. x-\f\ ^ r+kl _ 


5 
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therefore, as in fl8.9p . 


dF^ 


c 

< - 


+ 


2 [l + f|r + |,^|| l + ||r—|,^|| 


Using fl8.9p . fl8.10p and the Mean Value Theorem, we see that (a) holds, 
(b) Let M = (r + |^|)/2, v = {t — |^|)/2 and notice that 


\F{t,x,T,^)\ = 


- (pt{2v)\ 
2\u — v\ 


where 


V?i(w) = 


1 - e' 


itu 


U 


M ^ 0. 


Setting 95i(0) = —it, then (ft G C^(M, C), and 


_T I ^itu r)-f-r) ! 

- if«^o. 




and (^i(O) = F/2. It follows that for all {t,u) G [0,T] x M, 

Cj' 


max(|(^t(M)|, \^[{u)\) < 


l + \u[ 

In particular, we claim that for all {t,u) G [0,T] x R with \u — v\ < 1/2, 


|(^i(2M) - ^pt{2v)\ 


< Ct 


1 1 
+ 


1 + ImI 1 + Ini 


\u — v\ 

Indeed, by the Mean Value Theorem, 

\^t{2u) - (^t(2n)| < 2|m - v\ |(^i(OI, 


for some ^ between u and v. If both n and v have the same sign, say if 0 < n < 




1 1 
+ 


1 + |,^| 1 + \u\ [1 + |m| 1 + |n|_ 

The case where u and v are both negative is handled similarly. Finally, if n < 
since In — n| < 1/2, we have |m| <1/2 and |n| < 1/2, so 






1 + iei 


<c = c 


3/4 3/4 


1+i^l+i 


< C 


1 1 
+ 


1 + |m| l + |n| 


This proves (I8.13p . 

We now claim that there is a constant Ct < oo such that for all (t, u, v) G 


|(pt(2n) - ipt{2^v)\ 

2\u — v\ 


< Ct 


1 1 
+ 


1 + ImI 1 + Ini 


1 + In — n| 


( 8 . 10 ) 

( 8 . 11 ) 


( 8 . 12 ) 

(8.13) 

; n, then by 

0 < n, then 

X R^, 

(8.14) 
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Indeed, assume first that \u — v\ < 1/2. Then by fl8.13p . the left-hand side is 


1 

1 1 

1 

< Ct 

r 1 11 

3/2 

1- 

+ 

H 

+ 

1 

1 -I- M ' 1-1- \v\ 

1 -|- \u — v\ 


Now assume that \u — v\ > 1/2. Then the left-hand side of fl8.14p is 


< 


3/2 


1 -I- |m 


-(|V3t(2M)| + |</?t(2v)|) < 


C, 


+ 


1 -|- |m — n| [l -|- |m| 1 -|- |n 


where we have used 08.121) . This completes the proof of (b). 


Lemma 8.5. (a) For {3 e ]0, 2[, 


max(|ii|, |t;|)<2ai/“ _ 


1 -I- 1 + 


\U 


- v\f^-^dudv < CaPI^. 


(b) If /3 > 1, then for large b, 


ff 

1 

h 

_ 1 

J '/max(|r|,?’)>6^/“, r>0 

l + lY + ry ' l + |(r-r)2_ 


^/3-l 

--r drdr < Cb~‘^. 

1 + r^ 


□ 


Proof, (a) It suffices to consider the two integrals 

1 

I max (u,v)<2a^/°‘,u>0,v>0 L 


dli = 
A 2 = 


1 -I- 1 -I- 


1 1 
+ 


/max(ii, V )<2a^^°‘ ,u>0,v>0 L 1 T 1 -|- n 

By symmetry, Ai = 2y4i^i, where 


\u — vf ^dudv, 
\u + v\^~^dudv. 


f 

^ 1.1 = / 
Jo 


pu 

r 1 

1 1 

/ du dv 



'0 Jo 

[1 + m2 

1 + v"^ 


{u — v)J ^dudv 


r-2al/° 


< 2 


du / dv - -{u — v)J 


JO JO 

By Fubini’s theorem, this is equal to 


1 -I- n 


-2al/“ 


dv 


r-2al/“ 


1 + v‘^j 
/•2al/“ 


du {u — v)J 


-1 


= 2 


dv 

1 + V‘ 


(2a^/" -vf <C 


f2al/° 


dv 


1 -I- U" 


Turning to A 2 , by symmetry, 
2I2 = 2 

< C 


^2al/“ 

/ dv 

lo J 

pv 

/ du 
'0 

1 

1 -|- M 

^2al/a 

pv 

1 

/ dv 

Jo 

/ du 

Jo 


1 -|- 
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+ 






dv 


1 - 1 - 


{u + vY 






















































By Fubini’s Theorem, this is equal to 


r-2al/° 


c 


du 






dv {u + vY ^ = C 




du 


[(2a^/“ + uf - {2uf 


JO 1 + M 

T 

<C -r (3a^/")^ < 

Jo 1 + 


This proves (a). 

(b) We need to integrate over two regions: 

r > |r| < r, and |r| > 0 < r < |r|. 

Concerning the first region, we have to consider 

roo pr ^/3-l 

tT’'XTT + l(r±.)n + .- 

and, by symmetry, it suffices to consider 

/•oo ^/3-l pr 


dr ■ 


Jhi/a 1 + ' 4 

For the second region, we consider 


dr _^_< - 

l + i(r±r)2 - 2 


drr^-^ = 


'fel/o 


dr / dr 


r./3-l 


fei/c Jo l + |(r±r)2l + r2 


The second integral is 


dr -- / dr 


'0 


1 + r‘^Jhi/c. l + i(r±r)^ 


+ 


^/3-l roo 

dr - -- / dr 


Ifyl/a 1 + 


1+ 4(r±r)2 


< / drr^-^- < = Cb-^. 


Concerning the first integral, in the case of a “+” sign, it is 

1 


^/ 3 -l j‘Oo 

< / dr - -- / dr 


0 1 + J^i/a 1 + 


r-F/^ ^/3-l 

dr ■ 


'0 


1 _|_ ^2 


TT / 

- arctan - 

2 V 2 


Using the property 

we see that for all 6 > 1, this is 


lim X 

X^OO 


TT 


— — arctan(a;) 


= 1 , 


< 



^/3-l 

1 _|_ J.2 


< cr^. 


since ^ = 2 ^ > 2 because /5 > 1. 
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In the case of a ” sign, we write the hrst integral as Ii{b) + hib), where 

1 


rb^/°‘l2 ^/3-l /-oo 

hib) = / dr- -- / dr — 


m = 


^oo 


dr 


dr ■ 


fei/c /2 l + r^J,,i/c. l + i(r-r) 


Then 


hib) = 


< 


since /3 > I, and 



r/3-l 

roo 

dr - - 

/ du 


l + r^ 

J —r 


rh-i 

roo 

dr - - 

/ du ■ 


1 + r^ 

Ja/°‘I2 


^0-1 /-oo 


dr 


hi/a/2 


w ~ 


(It ■ 

l + r^J.^ l + |(r-r^2 - 




r-6i/«/2 ^p-i 


dr 


< cb 


1 + 


r-ftl/o 


< c 


dr r^ ^ 


'bi/a/2 


< = ^ 6 - 2 . 
This completes the proof of (b). 


□ 


We now turn to Assumption 12.41 In the context of this section, in agreement with Lemma 
and Assumption I 2 . 1 f b). 

hiit,x), is,y)) = \t- s| V + |x - y\h^. 

It is well-known (see m Proposition 1.4]) that for any compact box I C ]0, cxo[xM*^, there 
is c > 0 such that 

||h(f,a;) -vis,y)\\l 2 > c A((f,x), (s, y)). 

Further, using the change of variables r = t — s,ri=it — s)^, we see that 


|i)(t, a:)||^2 = d ds 


di sin 2 ((t - s)|^|) 


lei^ 


= d drr'^ ^ 


dt] 




TflSin^dhl) 


= ch-^ 


so Assumption [231(a) is satished for the box I. In the next lemma, we check Assumption 

mh)- 

Lemma 8 . 6 . Let I c]0, cxo[xM^ be a compact box. Fix {t,x) G /. Let t' = t — 2(2p)“~^ and 
x' = X (where p is small enough so that t' > t)). Assume that k = 1 = (d or 1 < /3 < k A2. 
There is a number Ci (depending on p, (3, k and d) such that for all (si, yi), (s 2 , 2 / 2 ) G B(it, x) 
(the open A-ball of radius 2p centered at (t, x)) and j G {1,..., d}, 

\E[ivjisuyi) - Vj{s2,y2))vjit'^h)] \ < Ci (|si - 82 ^ + Ivi - 1 / 2 ^) , (8.15) 

where 5 = 2 — (3. 
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Remark 8.7. The conclusion of this lemma would not he possible for /3 G ]0,1[, since it would 
mean that {s,y) E[{vj{s,y)vj(t' ,x')] would be Holder-continuous with exponent 2 — (3 > 1. 


Proof. Consider first the case k = 1 = (3 (space-time white noise in spatial dimension k = 1). 
Then 

E[{vj{s,y)vj{t',x')] = / dr I dz S{s — r,y — z)S{t'— r,x'— z), (8.16) 

Jo Jr 

where S{r,z) = |l{| 2 |<r} is the fnndamental solntion of the wave eqnation. For {s,y) G 
B'pikx), 

|s-t| < (2p)“'\ \y - x\ < 

and since t' = t — 2(2p)" ^ and x' = x, one checks immediately that if, in addition, \x' — z\ < 
t' — r, then 

\y — z\ < \y — x\ \x — z\ < (2p)" ^ -\-t' — r = t — (2p)" ^ — r < s — r. 


so the right-hand side of fl8.16p is eqnal to 



dz -1 
4 


{\x'—z\<t'—r} I 


and therefore (s,?/) i—)■ E[{yj{s,y)vj{t'^x')] is constant over B'p(t,x) and (I8.15p is trivially 
satisfied. 

Now consider the case where 1 < /3 < k A2. Then for s > t', 


E[{vj{s,y)vj{t\x')] 





-^0^ES{s-r,y- ■){^)ES{t' -r,x' - ■){f) 
df sin((s — r)|.^|) sin((T — r)|.^|) 

df sin(r|,^|) sin((h -|- r)|^|). 


Jo JR*= 

where we have set h = s — t'. We now permnte the two integrals and calcnlate the dr-integral 
explicitly. As in the proof of Lemma A. 12 in [TJ], this gives 

E[vj{s,y)vj{t',x')] = {t'f-^ [ d77|r7|^"2"V*^'“c/o(A, |r/|), (8.17) 

Jr'' 

where u = {y — x')/t', A = (s — t')/t', and 

go{X, r) = cos(Ar) — cos((A -|- l)r). 


Case 1 (time increments): Si ^ S2, = 2/2 = V- Set Ai = (si — t')/t', A 2 = (s2 — t')/d, and 

u = {y — x')/t'. Then by fl8.17p . 


y) - i'j(s2. yW'iX, ^')] 

Jr*: 
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Because cos(-) is Lipschitz, we see that 


|^o(Ai,r) -go{X 2 ,r)\ < 4((|Ai - Asjr) A 1), 
therefore, the right-hand side of (IS.lSh is bounded above by -|- I 2 ), where 

/•|Ai—A2|“^ 


h — |Ai — A 2 I 
Clearly, since (3 > I, 


^ dr, I 2 = 


-^-3 dr. 


|Ai—A 2 I 1 


and 


We conclude that 


Ji = |Ai - A2I ^ -= c |si - S2 

|Ai — A2p“^ 


2-/3 


h = 


2-/5 


= C Si - S2 


12-/3 


E[{vj{si,y) - Vj{s 2 ,y))vj{t',x')] < c\si - S 2 \'^ (8.19) 

Case 2 (spatial increments): Si = S 2 = s, yi 7 ^ 1 / 2 . Set A = (s — , ui = {yi — x')/t', 

U 2 = ( 3/2 - x')/t'. By (| 8.17p , 

E[{v,{s,y,)-v,{s,y2))vj{t',x')] = {tr-^ [ - e-^^--ngoiX,\v\). ( 8 . 20 ) 

Jr'' 

Notice that 

_ g-ir,..2| < 2((\u, - U2\ \V\) A 1) 

and go{X,r) < 2, so the right-hand side of (18.201) is bounded above by 4(t')^“^(Ji -|- J 2 ), 
where 

j'\u\—U 2 \~^ poo 

Ji = \ui — U 2 \ / r^~‘^ dr, J 2 = / r^~^ dr. 

Jo J\ui—U2\~^ 

Clearly, the same calculations as for Ji and I 2 show that 

Ji + J2<c \ui - M2p"^ = c\yi- y2\‘^~^- 

We conclude that 


E[{vj{s,yi)-Vj{s,y2))vj{t',x’)]<c\yi-y2\‘^ (8.21) 

Putting together fl8.19p and fl8.2ip establishes fl8.15p . This proves Lemma ISTl □ 

Proof of Theorem \8.1[ By Lemma 18.31 and the sentences that precede this lemma, for any 
compact box I c]0,oo[xM^, Assumption 12.11 is satished for Re(u), with exponents 71 = 
2 ^ = 7 j, j = 2,..., fc + 1, so that tti = = aj, j = 2,..., k + 1. By Lemma 18.61 and the 
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comments that precede this lemma, Assumption 12.41 is satished by v (with 6j = 2 — (3 > aj), 
hence by Re(u) by Proposition 18.21 Since Q = = (2 + 2k)/{2 — /3) = d, it follows 

from Theorem 12.61 that for all 2 ; G 


P{3(t,x) G / : v(t,x) = z} = P{3(t,x) G / : Re{v(t,x)) = z} =0. 

Since this holds for all compact boxes I c]0, cxo[xM^, Theorem 18.II is proved. □ 
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